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Lp functional Busemann-Petty centroid inequality
J. E. Haddad∗, C. H. Jime´nez†, L. A. Silva‡
Abstract
If K ⊂ Rn is a convex body and ΓpK is the p-centroid body of K, the Lp Busemann-
Petty centroid inequality states that vol(ΓpK) ≥ vol(K), with equality if and only if K is an
ellipsoid centered at the origin. In this work, we prove inequalities for a type of functional
r-mixed volume for 1 ≤ r < n, and establish as a consequence, a functional version of the Lp
Busemann-Petty centroid inequality.
Keywords. Convex body, Moment body, Busemann-Petty centroid
1 Introduction
The study of affine isoperimetric inequalities on one side and affine Sobolev inequalities for
functions on Rn on the other is connected to a great extent. The equivalence of the classical
isoperimetric inequality and the classical L1 Sobolev inequality has been known for quite some
time (see for example[2, 33, 10, 6, 29, 24, 9]). Following this path Zhang in [34] established the
equivalence of an affine L1 Sobolev inequality with the Petty Projection inequality for convex
bodies. Some time after, along with Lutwak and Yang continued in this direction obtaining
Lp versions of the mentioned equivalence. These authors developed around the same time a
rich theory of geometrical inequalities for centroid bodies and established Lp extensions of
many other fundamental parameters in Convex Geometry, such as mixed volume and surface
area.
On top of the strong connections mentioned above, other geometrical inequalities of
isoperimetric flavour like the Busemann-Petty centroid inequality or Blaschke-Santalo´, among
others, have been fundamental in the study of several inequalities of Sobolev type, like
Lp log-Sobolev, Gagliardo-Nirenberg, Sobolev trace or weighted Sobolev inequalities (e.g
[15, 8, 13, 14, 11, 12]). It is important to notice that in many of the works mentioned above,
where the Busemann-Petty centroid inequality was used to recover some known results for
Sobolev type inequalities, this inequality provided a more direct approach. This approach
often went around the use (in their original proofs) of other well known tools in the area of
convex geometric analysis like the Minkowski problem or the theory of mixed or dual mixed
volumes.
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2In this work we continue with this line of research. We obtain a family of inequalities for
functions on Rn, inequalities of Sobolev type, and that in particular recover the Lp Busemann-
Petty centroid inequality for convex bodies in Rn. Our main inequality is presented in the
form of a functional mixed volume inequality.
Theorem 1.1. Let f be a C1 function and g a continuous non-negative function, both with
compact support in Rn, then for 1 ≤ r < n, q = nrn−r and λ ∈
(
n
n+p , 1
)
∪ (1,∞),
∫
Rn
(∫
Rn
g(y)|〈∇f(x), y〉|pdy
)r/p
dx ≥ Cn,p,λ||g||
[(n+p)(λ−1)+p]r
np(λ−1)
1 ||g||
− λr
(λ−1)n
λ ||f ||
r
q. (1)
The sharp constant Cn,p,λ is computed in Section 3 and equality is attained if and only if f
and g have the following forms
g(x) = aGp,λ(||Ax||2)
f(x) = bFr(||Ax||2)
for positive constants a, b, A ∈ GLn(R), Gp,λ : R+ → R defined by
Gp,λ(t) =


(1 + tp)
1
λ−1 if λ ∈
(
n
n+p , 1
)
(1− tp)
1
λ−1
+ if λ > 1,
and
Fr(t) = (1 + t
r
r−1 )1−
r
n .
2 Some notations and tools from Convex Geometry
In order to show the intrinsic geometric nature of inequality (1), and in particular, its relation
to the Lp Busemann-Petty centroid inequality, let us first recall some basic definitions. A
convex body is a convex set K ⊂ Rn which is compact and has non-empty interior. For a
convex body K, its support function hK , which uniquely characterizes it, is defined as
hK(x) = max{〈x, y〉 : y ∈ K}.
If K contains the origin in the interior, then we also have the gauge ‖ · ‖K and radial rK(·)
functions of K defined respectively as
‖y‖K := inf{λ > 0 : y ∈ λK} , y ∈ R
n \ {0} ,
rK(y) := max{λ > 0 : λy ∈ K} , y ∈ R
n \ {0} .
Clearly, ‖y‖K =
1
rK(y)
.
For a convex body K ⊂ Rn and p ≥ 1, its Lp-moment and Lp-centroid bodies, denoted
by MpK and ΓpK, are defined by their support functions
hMpK(x)
p =
∫
K
|〈x, y〉|pdy, and hΓpK(x)
p =
1
vol(K)cn,p
∫
K
|〈x, y〉|pdy, (2)
respectively, where cn,p =
ωn+p
ω2ωnωp−1
and ωm is the m-dimensional volume of the unit ball B
of Rm. The Lp Busemann-Petty centroid inequality states that
vol(ΓpK) ≥ vol(K) or vol(MpK) ≥ c
n/p
n,p vol(K)
n+p
p , (3)
3in terms of the moment body MpK. Equality holds in (3) if and only if K is a 0-symmetric
ellipsoid.
Centroid bodies for p = 1 can be found for the first time in a work of Blaschke [3]
whereas the respective Busemann-Petty centroid inequality for p = 1 is due to Petty [31].
The Lp version of centroid bodies above was introduced by Lutwak and Zhang [23], while (3)
was obtained by Lutwak, Yang and Zhang in [19]. For the history of the Busemann-Petty
centroid inequality and a comprehensive introduction on centroid and moment bodies we refer
to Chapter 10 in [32].
The theory of mixed volumes, first developed by Minkowski [28, 27], is one of the pillars
of the Brunn-Minkowski theory, it provides us with a unified approach to the study of several
of the most important parameters in Convex Geometry, such as volume, mean width, surface
area, among others. At the same time, it has been fundamental in many other problems
ranging from characterization of special families of convex bodies to establish new isoperi-
metric inequalities, we refer to [32, 4] for a comprehensive introduction to the theory of mixed
volumes. There are several extensions of the concept of mixed volume, in this work we will
focus mainly in the dual mixed volume and the Lp extension of the mixed volume, concepts
belonging to the dual and Lp Brunn-Minkowski theory respectively. Regarding the latter we
have the following Lp extension of mixed volume, for some background on this we refer to
[18] and to [22] and the references therein.
For r ≥ 1, the Lr-mixed volume Vr(K,L) of convex bodies K and L is defined by
Vr(K,L) =
r
n
lim
ε→0
vol(K +r ε ·r L)− vol(K)
ε
,
where K +r ε ·r L is the convex body defined by:
hK+rε·rL(x)
r = hK(x)
r + εhL(x)
r, ∀x ∈ Rn.
One of the main aspects of the mixed volume is that it has an integral representation. As
in the classical case for the Lr version it is known (see [18]) that there exists a unique finite
positive Borel measure Sr(K, .) on S
n−1 such that
Vr(K,L) =
1
n
∫
Sn−1
hL(u)
rdSr(K,u), (4)
for each convex body L.
If 1 ≤ r <∞ and K,L are convex bodies in Rn containing the origin as interior point, we
can find also in [18] that
Vr(K,L) ≥ vol(K)
n−r
n vol(L)
r
n , (5)
with equality if and only if K and L are dilates of each other. Combining inequalities (5) and
(3), we obtain:
Vr(L,MpK) ≥ c
r/p
n,p vol(L)
n−r
n vol(K)
(n+p)r
np . (6)
Taking L = MpK in (6), we recover (3), hence (6) is an equivalent formulation for the Lp
Busemann-Petty centroid inequality. This and similar geometric inequalities for mixed vol-
umes involving centroid and projection bodies were already considered in [17]. The main
result, Theorem 1.1 is a functional version of inequality (6), replacing the sets L,K by func-
tions f, g.
In order to establish a functional version of (6) and considering the integral representation
of the geometric Lr mixed volume (4), let us recall the following result obtained by Lutwak,
Yang and Zhang, where they introduced the concept of surface area measure of a Sobolev
function.
The Lr surface area measure of a function f : R
n → R with Lr weak derivative is given
by:
4Lemma 2.1 (Lemma 4.1 of [22]). Given 1 ≤ r < ∞ and a function f : Rn → R with Lr
weak derivative, there exists a unique finite Borel measure Sr(f, .) on S
n−1 such that∫
Rn
φ(−∇f(x))rdx =
∫
Sn−1
φ(u)rdSr(f, u), (7)
for every non-negative continuous function φ : Rn → R homogeneous of degree 1. If f is
not equal to a constant function almost everywhere, then the support of Sr(f, .) cannot be
contained in any n− 1 dimensional linear subspace.
Conversely, for a convex body L the function fL(x) = F (‖x‖L) satisfies Sr(f, .) = Sr(L, .)
if F is any function F : R+ → R+ satisfying∫ ∞
0
tn−1F ′(t)rdt = 1
(see [22]). By the Sobolev inequality we have∫
Rn
fL(x)
nr
n−r dx ≤ c
nr
n−r
s (nωn)
n
n−r
vol(L)
ωn
where cs is the sharp constant in the Sobolev inequality on R
n, and there is equality when
F (t) = aFr(t) with a, b > 0, where
Fr(t) = (1 + t
r
r−1 )1−
r
n .
The function F (||x||2) is an extremal function of the euclidean Lr Sobolev inequality on R
n.
In view of identity (7), for any f and L such that Sr(f, .) = Sr(L, .), we have
Vr(L,K) =
1
n
∫
Rn
hK(−∇f(x))
rdx.
This motivates the following definition.
Definition 2.2. Given 1 ≤ r < ∞ and a function f : Rn → R with Lr weak derivative, we
define
Vr(f,K) =
1
n
∫
Rn
hK(−∇f(x))
rdx
The Lp Sobolev inequality for general norms was proved in [7] and [1] and can be stated
as a mixed volume inequality for functions as follows:
Theorem 2.3. If f is a C1 function with compact support in Rn and K is an origin-
symmetric convex body, then for 1 < r < n and q = nrn−r
Vr(f,K) ≥ c
r
1‖f‖
r
q vol(K)
r
n , (8)
where c1 is the optimal constant and equality holds in (8) if and only if f(x) = aFr(b‖x‖K)
for some a, b > 0. Taking f(x) = Fr(‖x‖L) we recover inequality (5).
Theorem 2.3 was originally proved using an innovative approach based on optimal trans-
portation of mass in [7] and in [1] using Convex Symmetrization.
In Section 4 we give an alternative, simpler and elementary proof of this inequality using
the tools developed in [20]. Some of the tools we are using here, specially those contained in
[22], have been used in the study of Sobolev type inequalities. Their approach is often based
on a functional extension of the so-called LYZ body and other known geometric inequalities
5for projection and polar projection bodies (see Subsection 10.15 in [32] and references therein
for more on this).
Let us go back to the definition of the moment body (2), it has been noticed that hMpK is
a convex function regardless of the set K (see e.g. Chapter 5 in [5]). This observation allows
us to make the following definition:
Definition 2.4. If g is a non-negative measurable function with compact support, we define
the convex body Mpg by
hMpg(ξ)
p =
∫
Rn
g(x)|〈x, ξ〉|pdx.
The left-hand side of (1) has then a geometric meaning:
Vr(f,Mpg) =
1
n
∫
Rn
(∫
Rn
g(y)|〈∇f(x), y〉|pdy
)r/p
dx.
If K is a convex body and g(x) = G(‖x‖K) for any non-negative continous function
G : R+ → R with compact support, it is not hard to verify using polar coordinates that
Mpg =
(
(n + p)
∫ ∞
0
tn+p−1G(t)dt
)1/p
MpK.
Our main result (Theorem 1.1) is a consequence of Theorem 2.3, and Theorem 2.5 below:
Theorem 2.5. If g is a non-negative function with compact support in Rn, then, for each
λ ∈
(
n
n+p , 1
)
∪ (1,∞), we have that
vol(Mpg)
p
n ≥ cn,pan,p,λ||g||
(n+p)(λ−1)+p
(λ−1)n
1 ||g||
− λp
(λ−1)n
λ , (9)
where an,p,λ is given by the Lemma (3.4).
Let Gp,λ : R+ → R be defined by
Gp,λ(t) =
{
(1 + tp)
1
λ−1 if λ < 1
(1− tp)
1
λ−1
+ if λ > 1,
then taking g(x) = Gp,λ(‖x‖K) in (9) we recover (3).
Equality holds in (9) if and only if g(x) = aGp,λ(|A.x|2) for any a > 0 and A ∈ Gln(R
n).
Even though Theorem 2.5 contains the geometric core of the main Theorem 1.1, the term
vol(Mpg) cannot be expressed in terms of g in an elementary way, as Vr(f,Mpg) does. This
is the reason why we need to combine it with Theorem 2.3 to obtain a functional inequality.
Let us note that Theorem 1.1 cannot be regarded as a functional mixed volume inequality
in full generality since it can only be applied to a function f and the centroid/moment body
of another function g. We refer the interested reader to review the works of Milman and
Rotem [26, 25] where they have defined a functional extension of mixed volumes and have
extended some of their main properties to a functional setting.
We should finally also mention other related extension of the Busemann-Petty centroid
inequality obtained by Paouris and Pivovarov in [30] where the authors obtained randomized
versions of this and other important isoperimetric inequalities.
The rest of the paper is organized as follows: In Section 3 we shall prove some preliminary
results, including an extension of the Lp Busemann-Petty centroid inequality, to compact
domains. Then in Section 4 we prove Theorems 2.3 and 2.5.
We hope this work shed some more light into the deep connection between isoperimetric
and functional inequalities.
63 Preliminary results
In order to prove our main result, Theorem 1.1, we consider two cases: r = 1 and 1 < r < n.
For r = 1, inequality (5) holds for more general sets. As in [34], a compact domain is the
closure of a bounded open set.
Lemma 3.1 (Lemma 3.2 of [34]). If M is a compact domain with piecewise C1 boundary and
K a convex body in Rn, then,
V (M,K)n ≥ vol(M)n−1 vol(K),
with equality if and only if M and K are homothetic.
In the same spirit, the next lemma shows that the Lp-Busemann-Petty Centroid inequality
remains valid for a compact domain:
Lemma 3.2. If M is a compact domain, then
vol(ΓpM) ≥ vol(M). (10)
Equality holds in (10) if and only if M is a 0-symmetric ellipsoid.
Proof. For a compact domain M and ξ ∈ Sn−1, we define the set
Lξ = {t ∈ [0,∞) : tξ ∈M}.
Consider δ(t) = t
n
n , for t ≥ 0, and the star set SM defined by its radial function
ρSM(ξ) = δ
−1(µ(δ(Lξ))),
where µ denotes the one dimensional Lebesgue measure of Lξ. It is easy to see that vol(SM) =
vol(M). Also, let s = δ(t) = t
n
n , then ds = t
n−1dt. For x ∈ Rn, we have:∫
M
|〈x, y〉|pdy =
∫
Sn−1
∫
Lξ
|〈x, tξ〉|ptn−1dtdξ
=
∫
Sn−1
∫
Lξ
|〈x, ξ〉|ptptn−1dtdξ
=
∫
Sn−1
∫
δ(Lξ)
|〈x, ξ〉|p(ns)
p
ndsdξ
= n
p
n
∫
Sn−1
|〈x, ξ〉|p
∫
δ(Lξ)
s
p
ndsdξ
On the other hand, we have∫
SM
|〈x, y〉|pdy =
∫
Sn−1
∫ ρSM (ξ)
0
|〈x, tξ〉|ptn−1dtdξ
=
∫
Sn−1
∫ ρSM (ξ)
0
|〈x, ξ〉|ptptn−1dtdξ
=
∫
Sn−1
∫ δ(ρSM (ξ))
0
|〈x, ξ〉|p(ns)
p
n dsdξ
= n
p
n
∫
Sn−1
|〈x, ξ〉|p
∫ µ(δ(Lξ))
0
s
p
n dsdξ.
7By the Bathtub principle (see Theorem 1.14, pag. 28 of [16]) we have
∫
δ(Lξ)
s
p
n ds ≥
∫ µ(δ(Lξ))
0
s
p
n ds
therefore, ∫
M
|〈x, y〉|pdy ≥
∫
SM
|〈x, y〉|pdy. (11)
Since vol(SM) = vol(M), we obtain hΓpM (x)
p ≥ hΓpSM(x)
p, whence ΓpM ⊃ ΓpSM and
vol(ΓpM) ≥ vol(ΓpSM). We conclude,
vol(ΓpM) ≥ vol(ΓpSM) ≥ vol(SM) = vol(M).
If M is a compact domain attaining equality in (10), then equality in (11) implies
µ(δ(Lξ)) = δ(Lξ) for a.e ξ, meaning that M is a star body. We conclude the proof recalling
the equality case of (3).
Let f be a C1 function with compact support in Rn. For t > 0, consider the level sets of
f in Rn:
Nf,t = {x ∈ R
n : |f(x)| ≥ t}
and
Sf,t = {x ∈ R
n : |f(x)| = t}.
Since f is of class C1, by Sard’s Theorem, Sf,t is a C
1 submanifold which has non-zero
normal vector ∇f , for almost all t. Denote by dSt the surface area element of Sf,t. Then the
co-area formula relates the area elements dx = |∇f |−1dStdt.
We present a lemma, whose proof is inside of the proof of Theorem 4.1 of [34]. It will be
useful to prove Theorem 1.1 for the case r = 1.
Lemma 3.3. If f is a C1 function with compact support in Rn, then:∫ ∞
0
vol(Nf,t)
n−1
n dt ≥ ||f || n
n−1
.
We observe that the proof of Lemma 3.3 carries over replacing n−1n by any η ∈ (0, 1), but
not for η > 1. We prove an analogous result for η = n+pp > 1.
Lemma 3.4. If g is a C1 function with compact support in Rn and λ ∈
(
n
n+p , 1
)
∪ (1,∞)
∫ ∞
0
vol(Ng,t)
n+p
n dt ≥ an,p,λ||g||
(n+p)(λ−1)+p
(λ−1)n
1 ||g||
− λp
(λ−1)n
λ ,
where
an,p,λ =


A
− (n+p)(λ−1)+p
(λ−1)n
n,p,λ if λ > 1
B
p
(λ−1)n
n,p,λ if λ ∈
(
n
n+p , 1
)
with
An,p,λ = ((λ− 1)n+ λp)

Γ
(
λ
λ−1
)
(λp)
1
1−λ ((λ− 1)(n + p))−
n+p
p Γ
(
n
p + 2
)
Γ
(
n
p +
1
λ−1 + 2
)


(λ−1)p
(λ−1)n+λp
8and
Bn,p,λ = λ
p
n+ p
(
λ−
n
n+ p
) (1−λ)(n+p)
p
−1

(1− λ)−
n
p
−2Γ
(
n
p + 2
)
Γ
(
λ
1−λ −
n
p
)
Γ
(
λ−2
λ−1
)


1−λ
Proof. For λ > 1 and t > 0, let pλ(t) = (1 − t
λ−1)
n
p
+ and l(t) = vol(Ng,t). Then pλ
(
t
s
)
=
(1− tλ−1s1−λ)
n
p
+ and
pλ
(
t
s
) p
n
≥ 1− tλ−1s1−λ. (12)
Multiplying (12) by l(t) and integrating, we obtain:
∫ ∞
0
l(t)pλ
(
t
s
) p
n
dt ≥
∫ ∞
0
l(t)dt− s1−λ
∫ ∞
0
l(t)tλ−1dt,
whence
||g||1 ≤
∫ ∞
0
l(t)pλ
(
t
s
) p
n
dt+ s1−λ
∫ ∞
0
l(t)tλ−1dt.
By Holder, observe that:
∫ ∞
0
l(t)pλ
(
t
s
) p
n
dt ≤
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
pλ
(
t
s
)n+p
n
dt
) p
n+p
.
Write u = t/s and dt = sdu. Then:
∫ ∞
0
l(t)pλ
(
t
s
) p
n
dt ≤
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
pλ(u)
n+p
n du
) p
n+p
s
p
n+p .
Now, observe that: ∫ ∞
0
l(t)tλ−1dt =
∫ ∞
0
vol(Ngλ,tλ)t
λ−1dt.
Write v = tλ, dv = λtλ−1dt, then tλ−1dt = 1λdv and:∫ ∞
0
l(t)tλ−1dt =
1
λ
∫ ∞
0
vol(Ngλ,t)dt =
1
λ
||g||λλ.
Hence,
||g||1 ≤
1
λ
||g||λλs
1−λ +
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
pλ(t)
n+p
n dt
) p
n+p
s
p
n+p = as−α + bsβ, (13)
where a = 1λ ||g||
λ
λ, b =
(∫∞
0 l(t)
n+p
n dt
) n
n+p
(∫∞
0 pλ(t)
n+p
n dt
) p
n+p
, α = λ− 1 e β = pn+p .
Notice that the right-hand side of (13) has a unique minimum for s ∈ (0,∞), then mini-
mizing with respect to s ∈ (0,∞), we obtain:
||g||1 ≤ An,p,λ||g||
λp
(n+p)(λ−1)+p
λ
(∫ ∞
0
l(t)
n+p
n dt
) (λ−1)n
(n+p)(λ−1)+p
,
9where An,p,λ is given in the statement of the Lemma.
Hence,
||g||1 ≤ An,p,λ||g||
λp
(n+p)(λ−1)+p
λ
(∫ ∞
0
vol(Ng,t)
n+p
n dt
) (λ−1)n
(n+p)(λ−1)+p
,
that proves the statement of Lemma for the case λ > 1.
For the case λ ∈
(
n
n+p , 1
)
, we define qλ(t) = (t
λ−1 − 1)
n
p
+ . Then, qλ(t)
p
n ≥ tλ−1 − 1 and
qλ
(
t
s
) p
n ≥ tλ−1s1−λ − 1.
It follows that
∫ ∞
0
l(t)qλ
(
t
s
) p
n
dt ≥ s1−λ
∫ ∞
0
l(t)tλ−1dt−
∫ ∞
0
l(t)dt
Since
∫∞
0 l(t)t
λ−1dt = 1λ ||g||
λ
λ and
∫∞
0 l(t)dt = ||g||1, we obtain
s1−λ
λ
||g||λλ ≤ ||g||1 +
∫ ∞
0
l(t)qλ
(
t
s
) p
n
dt.
By Holder
∫ ∞
0
l(t)qλ
(
t
s
) p
n
dt ≤
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
qλ
(
t
s
)n+p
n
dt
) p
n+p
=
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
qλ(u)
n+p
n du
) p
n+p
s
p
n+p
Hence,
1
λ
||g||λλ ≤ s
λ−1||g||1 +
(∫ ∞
0
l(t)
n+p
n dt
) n
n+p
(∫ ∞
0
qλ(t)
n+p
n dt
) p
n+p
s
p
n+p
+λ−1. (14)
For λ ∈
(
n
n+p , 1
)
, the right-hand side of (14) has a unique minimum s ∈ (0,∞), then
minimizing with respect to s ∈ (0,∞), we obtain:
||g||λλ ≤ Bn,p,λ||g||
(n+p)(λ−1)+p
p
1
(∫ ∞
0
l(t)
n+p
n dt
) (1−λ)n
p
,
where Bn,p,λ is given in the statement of the Lemma.
Therefore, ∫ ∞
0
vol(Ng,t)
n+p
n dt ≥ B
− p
(1−λ)n
c,d,λ ||g||
− (n+p)(λ−1)+p
(1−λ)n
1 ||g||
pλ
(1−λ)n
λ .
Now, we present other tools for the case 1 < r < n of our main result, introduced by
Lutwak, Yang, and Zhang in [20]. Let H1,r(Rn) denote the usual Sobolev space of real-
valued functions of Rn with Lr partial derivatives. If f ∈ H
1,r(Rn) ∩ C∞(Rn) and Q is a
compact convex set that contains the origin in its relative interior, then they define
Vr(f, t,Q) =
1
n
∫
Sf,t
hQ(ν(x))
r|∇f(x)|r−1dSt(x),
10
where ν(x) = ∇f(x)|∇f(x)| . They prove that for almost every t > 0, there exists an origin-symmetric
convex body Kt such that, for each origin-symmetric convex body Q
Vr(Kt, Q) = Vr(f, t,Q). (15)
The next Lemma can be deduced from [20], inequalities (6.3), (5.3), (5.4), and (5.1).
Lemma 3.5. If r ∈ (1, n), f ∈ H1,r(Rn) and q = nrn−r , then∫ ∞
0
vol(Kt)
n−r
n dt ≥ n
r−n
n cr2||f ||
r
q,
where
c2 = n
1
q
(
n− r
r − 1
) r−1
r
(
Γ
(
n
r
)
Γ
(
n+ 1− nr
)
Γ(n)
) 1
n
.
4 Proof of the main results
We present separate proofs for the cases 1 < r < n and r = 1.
4.1 Case 1 < r < n:
Proof of 2.3. By the co-area formula, (15), (5) and Lemma 3.5:
Vr(f,K) =
1
n
∫
Rn
hK(−∇f(x))
rdx
=
1
n
∫ ∞
0
∫
Sf,t
hK(n
Sf,t
x )
r|∇f(x)|r−1dSf,tdt
=
∫ ∞
0
Vr(f, t,K)dt
=
∫ ∞
0
Vr(Kt,K)dt
≥
∫ ∞
0
vol(Kt)
n−r
n vol(K)
r
n dt
=
∫ ∞
0
vol(Kt)
n−r
n dt vol(K)
r
n
≥ n
r−n
n cr2||f ||
r
q vol(K)
r
n
Proof of 2.5. We may observe that:
hMpg(ξ)
p =
∫
Rn
g(x)|〈x, ξ〉|pdx
=
∫ ∞
0
∫
{g≥t}
|〈x, ξ〉|pdxdt
=
∫ ∞
0
hMpNg,t(ξ)
pdt.
11
In this sense, we regardMpg as a generalized p-sum of sets, where we replace finite p-sums
by a p-integral of sets
Mpg =
∫
p
MpNg,tdt
and clearly, for any convex body K,
Vp
(
K,
∫
p
MpNg,tdt
)
=
∫ ∞
0
Vp(K,MpNg,t)dt.
We compute:
vol(Mpg) = Vp(Mpg,Mpg)
= Vp
(
Mpg,
∫
p
MpNg,tdt
)
=
∫ ∞
0
Vp(Mpg,MpNg,t)dt
≥ vol(Mpg)
n−p
n
∫ ∞
0
vol(MpNg,t)
p/ndt
Then using Lemmas 3.2 and 3.4, it follows that
vol(Mpg)
p
n ≥
∫ ∞
0
vol(MpNg,t)
p
n dt
≥ cn,p
∫ ∞
0
vol(Ng,t)
n+p
n dt
≥ cn,pan,p,λ||g||
(n+p)(λ−1)+p
(λ−1)n
1 ||g||
− λp
(λ−1)n
λ ,
where an,p,λ is given by Lemma (3.4).
4.2 Proof of Theorem 1.1: Case r = 1
Proof. Let V1(f,Mpg) =
1
n
∫
Rn
(∫
Rn g(y)|〈∇f(x), y〉|
pdy
)1/p
dx. Then,
V1(f,Mpg) =
1
n
∫ ∞
0
∫
Sf,t
(∫
Rn
g(y)
∣∣∣∣
〈
∇f(x)
|∇f(x)|
, y
〉∣∣∣∣
p
dy
)1/p
dStdt.
We denote ηStx =
∇f(x)
|∇f(x)| , as
hMpg(η
St
x ) =
(∫
Rn
g(y)
∣∣〈ηStx , y〉∣∣p dy
)1/p
=
(∫ ∞
0
∫
Ng,s
∣∣〈ηStx , y〉∣∣p dyds
)1/p
,
it follows that:
V1(f,Mpg) =
1
n
∫ ∞
0
∫
Sf,t
hMpg(η
St
x )dStdt
=
1
n
∫ ∞
0
∫
Sf,t
(∫ ∞
0
∫
Ng,s
∣∣〈ηStx , y〉∣∣p dyds
)1/p
dStdt
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Write hMpNg,s(η
St
x )
p =
∫
Ng,s
∣∣〈ηStx , y〉∣∣p dy, then:
V1(f,Mpg) =
1
n
∫ ∞
0
∫
Sf,t
(∫ ∞
0
hMpNg,s(η
St
x )
pds
)1/p
dStdt
By the co-area formula, the Minkowski integral inequality and Lemmas 3.1, 3.2, 3.5 and
3.4:
V1(f,Mpg) ≥
1
n
∫ ∞
0
(∫ ∞
0
(∫
Sf,t
hMpNg,s(η
St
x )dSt
)p
ds
) 1
p
dt
≥
1
n
(∫ ∞
0
(∫ ∞
0
(∫
Sf,t
hMpNg,s(η
St
x )dSt
)
dt
)p
ds
) 1
p
=
(∫ ∞
0
(∫ ∞
0
V1(Nf,t,MpNg,s)dt
)p
ds
) 1
p
≥
(∫ ∞
0
(∫ ∞
0
vol(Nf,t)
n−1
n vol(MpNg,s)
1
n dt
)p
ds
) 1
p
=
(∫ ∞
0
(∫ ∞
0
vol(Nf,t)
n−1
n dt
)p
vol(MpNg,s)
p
nds
) 1
p
=
(∫ ∞
0
vol(Nf,t)
n−1
n dt
)(∫ ∞
0
vol(MpNg,s)
p
n ds
) 1
p
≥ c
1
p
n,p
(∫ ∞
0
vol(Nf,t)
n−1
n dt
)(∫ ∞
0
vol(Ng,s)
n+p
n ds
) 1
p
≥ c1/pn,p ||f || nn−1C
−
(n+p)(λ−1)+p
(λ−1)np
n,p,λ ||g||
(n+p)(λ−1)+p
(λ−1)np
1 ||g||
− λ
(λ−1)n
λ .
Remark 4.1. Let us point out that a simpler proof of Theorem 1.1 for the case r = p can
be deduced using the Lp Affine Sobolev inequality [20] and the equivalence between the Lp
Busemann-Petty centroid inequality and the Lp Petty projection inequality (see [19]). The
well known identity for sets
Vp(L,ΓpK) =
ωn
vol(K)
V˜−p(K,Π
◦
pL),
where V˜p(·, ·) denotes the Lp dual mixed volume and Π
◦
pL the Lp polar projection body of L,
can be extended to functions as
Vp(f,Mpg) = V˜−p(g,Π
◦
pf)
where we define
V˜−p(g, L) =
∫
Rn
||x||pLg(x)dx
and
h(Π◦pf, ξ)
p =
∫
Rn
|〈∇f(x), ξ)〉|pdx.
Then an application of the dual mixed volume inequality for functions (Lemma 4.1 in [21])
and the Lp Affine Sobolev inequality (which corresponds to the Lp Petty Projection inequality
for functions), gives the result.
13
Acknowledgements
The first author was partially supported by Fapemig, Project APQ-01542-18 and CNPQ
grant PQ-301203/2017-2. The second and third authors are partially supported by FAPERJ
grant JCNE 236508 and CNPQ grant 428076/2018-1. The second author was also partially
supported by CNPQ grant PQ 305650/2016-5 and PUC-Rio programa de incentivo a pro-
dutividade em pesquisa. The third author acknowledges the support of the IFMG campus
Bambui while conducting this work.
References
[1] Angelo Alvino, Vincenzo Ferone, Guido Trombetti, and Pierre-Louis Lions. Convex
symmetrization and applications. In Annales de l’Institut Henri Poincare (C) Non Linear
Analysis, volume 14, pages 275–293. Elsevier, 1997.
[2] Thierry Aubin. Problemes isope´rime´triques et espaces de Sobolev. Journal of differential
geometry, 11(4):573–598, 1976.
[3] Wilhelm Blaschke. Affine geometrie ix: Verschiedene Bemerkungen und aufgaben. Ber.
Verh. Sa¨chs. Akad. Wiss. Leipzig Math.–Phys. Kl, 69:412–420, 1917.
[4] Fenchel W. Bonnesen, T. Theorie der Konvexen Ko¨rper. Springer, Berlin, 1934. Reprint:
Chelsea Publ. Co., New York, 1948. English translation: BCS Associates, Moscow, Idaho,
1987.
[5] Silouanos Brazitikos, Apostolos Giannopoulos, Petros Valettas, and Beatrice-Helen Vrit-
siou. Geometry of isotropic convex bodies, volume 196. American Mathematical Soc.,
2014.
[6] Yu.D. Burago and V.A. Zalgaller. Geometric Inequalities. Grundlehren der Mathematis-
chen Wissenschaften, 285, Springer-Verlag, Berlin, 1988, MR 89b:52020, Zbl 0633.53002.
[7] Dario Cordero-Erausquin, Bruno Nazaret, and Ce´dric Villani. A mass-transportation
approach to sharp Sobolev and Gagliardo-Nirenberg inequalities. Advances in Mathe-
matics, 182(2):307–332, 2004.
[8] PL De Na´poli, Julia´n Haddad, Carlos Hugo Jime´nez, and Marcos Montenegro. The
sharp affine L2 Sobolev trace inequality and variants. Mathematische Annalen, 370(1-
2):287–308, 2018.
[9] H. Federer. Geometric Measure Theory. Springer-Verlag, Berlin, 1969.
[10] Herbert Federer and Wendell H Fleming. Normal and integral currents. Annals of
Mathematics, pages 458–520, 1960.
[11] Christoph Haberl and Franz E Schuster. Asymmetric affine Lp Sobolev inequalities.
Journal of Functional Analysis, 257(3):641–658, 2009.
[12] Christoph Haberl and Franz E Schuster. General Lp affine isoperimetric inequalities.
Journal of Differential Geometry, 83(1):1–26, 2009.
[13] J Haddad, C Jime´nez, and M Montenegro. Sharp affine weighted Lp Sobolev type
inequalities. Transactions of the American Mathematical Society, 2018.
[14] Julian Haddad, C Hugo Jimenez, and Marcos Montenegro. Asymmetric Blaschke-Santalo´
functional inequalities. arXiv preprint arXiv:1810.02288, 2018.
[15] Julian Haddad, Carlos Hugo Jime´nez, and Marcos Montenegro. Sharp affine Sobolev
type inequalities via the Lp Busemann-Petty centroid inequality. Journal of Functional
Analysis, 271(2):454–473, 2016.
14
[16] Elliott H Lieb and Michael Loss. Analysis, graduate studies in mathematics, vol. 14.
American Mathematical Society, Providence, 2001.
[17] Erwin Lutwak. Mixed projection inequalities. Transactions of the American Mathemat-
ical Society, 287(1):91–106, 1985.
[18] Erwin Lutwak. The Brunn-Minkowski-Firey theory. i. Mixed volumes and the Minkowski
problem. J. Differential Geom, 38(1):131–150, 1993.
[19] Erwin Lutwak, Deane Yang, and Gaoyong Zhang. Lp affine isoperimetric inequalities.
J. Differential Geom, 56(1):111–132, 2000.
[20] Erwin Lutwak, Deane Yang, and Gaoyong Zhang. Sharp affine Lp Sobolev inequalities.
Journal of Differential Geometry, 62(1):17–38, 2002.
[21] Erwin Lutwak, Deane Yang, and Gaoyong Zhang. Moment-entropy inequalities. The
Annals of Probability, 32(1B):757–774, 2004.
[22] Erwin Lutwak, Deane Yang, and Gaoyong Zhang. Optimal Sobolev norms and the Lp
Minkowski problem. International Mathematics Research Notices, 2006, 2006.
[23] Erwin Lutwak and Gaoyong Zhang. Blaschke-Santalo´ inequalities. J. Differential Geom,
47(1):1–16, 1997.
[24] Vladimir Gilelevich Maz’ya. Classes of domains and imbedding theorems for function
spaces. In Doklady Akademii Nauk, volume 133, pages 527–530. Russian Academy of
Sciences, 1960.
[25] Vitali Milman and Liran Rotem. α-concave functions and a functional extension of mixed
volumes. arXiv preprint arXiv:1302.0823, 2013.
[26] Vitali Milman and Liran Rotem. Mixed integrals and related inequalities. Journal of
Functional Analysis, 264(2):570–604, 2013.
[27] Hermann Minkowski. Theorie der konvexen ko¨rper, insbesondere begru¨ndung ihres
oberfla¨chenbegriffs. Gesammelte Abhandlungen, 2:131–229, 1911.
[28] Hermann Minkowski. Volumen und oberfla¨che. Math. Ann. 57 (1903), 447–495. Gesam-
melte Abhandlungen, vol. II, pp. 230–276, Teubner, Leipzig, 1911.
[29] Robert Osserman. The isoperimetric inequality. Bulletin of the American Mathematical
Society, 84(6):1182–1238, 1978.
[30] Grigoris Paouris and Peter Pivovarov. Randomized isoperimetric inequalities. In Con-
vexity and Concentration, pages 391–425. Springer, 2017.
[31] Clinton M Petty. Centroid surfaces. Pacific Journal of Mathematics, 11(4):1535–1547,
1961.
[32] Rolf Schneider. Convex bodies: the Brunn-Minkowski theory. Number 151. Cambridge
university press, 2014.
[33] Giorgio Talenti. Best constant in Sobolev inequality. Annali di Matematica pura ed
Applicata, 110(1):353–372, 1976.
[34] Gaoyong Zhang. The affine Sobolev inequality. J. Differential Geom, 53(1):183–202,
1999.
